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1.1. Preliminaries about 252"+
: :
spaces and maps.

» Working in the homotopy category of odd prime p-local

» Serre's p-local decomposition

Q52n ~ 52n—1 % Q54n—1.
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1.1. Preliminaries about Q25271
: :
spaces and maps.

» Working in the homotopy category of odd prime p-local

» Serre's p-local decomposition

952n ~ 52n—1 % Q54n—1.

» What Q252"*1 is good for?

e For Q521 = Oy 527 H,(QS5%"1) = T(xp,) is torsion free

e For 025201 = 2525211 there is torsion in H,(Q252"+1)
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L.1. Preliminaries about Q%52"*1
| |
e (1956, Toda) The first differential of the EHP spectral sequence
in some metastable range

dl ,ﬂ_r(Q252np+1) ST (San 1)

satisfying that 7,(S2"%~1) —> 7, (Q252P+1) 4, T (S2P1) is
multiplication by p.
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e (1956, Toda) The first differential of the EHP spectral sequence
in some metastable range

dy: m (Q2SPPH) s (5271

satisfying that 7,(S2%P~1) —> 7, (Q252nP+1) 4, m(S2P1) s
multiplication by p.

The differential d; depends on two fibre sequences
> Q252n+1 LAY
> S2n 1

(52n) N Qs2n+1 _P> 952n+1
Ly Qpq(5%7) L 52t
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e (1979, Cohen-Moore-Neisendorfer) Constructed a map
7w Q25201 §27-1 guch that
Q252n+1 T 52n—1
\‘ lEZ
Q252n+1
e This diagram was inductively used to determine the odd
p-primary homotopy exponent of 271,
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» Mod-p homology of Q252+1

H.(Q?S*"Y, 7/ p) = (®FZ0E(Xonpi—1)) @ (®721Z/ plyanpi—2])
e Bocksteins: 3(xpppi_1) = Yappi—p for i > 1.

e Steenord operations: Pi(yg,,pj_g)

= y;np/'—l—Z for j > 2.

[=] = = QA
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1.1. Preliminaries about 252"+
: :
il £ : 2C2n+1
Selick’s filtration of Q=5"*

» Homology filtration Fj of H.(Q252™1:Z/p)

o fop1= (®f(—olE(X2npi—1)) ® (®JI'(=1Z/P[}’2npi—2]) for k > 1.
o for = (®;(:0E(X2npi—1)) & (®J"(:1Z/P[Y2npi—2]) for k > 0.

[=] = = = o
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1.1. Preliminaries about Q25271
| :

Selick’s filtration of Q252"+1

» Homology filtration Fy of H.(Q25%"1: Z/p)

o fop1= (®f'(:_olE(X2npi—1)) ® (®JI'(:1Z/P[}’2npi—2]) for k > 1.
o [ = (®f'(:0E(X2npi—1)) & (®J"(:12/P[}’2npf—2]) for k > 0.

» Geometric realization of Fy gives an H-filtration Fy(n) of
Q252n+1

F-l(n) — Fo(n) — % . — Fk—l(n) — Fk(n) N QZS2n+1

with H.(Fk(n); Z/p) = Fk.
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» Let F_1(n) = {} and Fy(n) = S>"~L.

» Suppose that for 0 < /i < k and any n, F;(n) has been
constructed along with the H-maps

F,l(n) — Fo(n) — s — F;_l(n) — F,-(n) — 9252'1_'_1.
Define F,1(n) and the H-map Fiy1(n) — Q2521 by the
homotopy pullback

Fk+1(n) Q2s2n+1

l J{QH
kal(np) Q252np+1
where H: Q52"+l — QS527P+1 is the pth James-Hopf

invariant. By universality of homotopy pullback, the H-map
Fx(n) — Fk+1(n) can be constructed.
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1.3. Question related to Fy(n)
:
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> (1956, Toda) H*(Qka_l(Szn); Z/p) = F2k_1

where Jy_1(52") is the (p* — 1)™-filtration of the James
construction J(S$2") ~ Q¥ 52",

» The calculation shows that Fp_1(n) ~ Qka_1(52").

[=] = = = o
;
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1.3. Question related to Fy(n)
: :
Three fibrations
(1988, Gray) Gray's fibration

§2t = Q282 BW,
(1956, Toda) Toda's fibration

52n 1

L QJpo1(527) L s2re-t
(1981, Selick) Selick’s fibration

S2n 1

5 Fo(n) — 52 Lp)

where S2"P~1{p} is the fiber of the degree p map on 52”” 1
Properties of Selick’s filtration of the double suspension
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» Conjecture: BW, is a loop space. (related to Anick’s space
T2%+1(p))
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1.3. Question related to Fy(n)
:

3. Global properties
o
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» Conjecture: BW, is a loop space. (related to Anick’s space
T2%+1(p))

» Question: What connects Toda's, Selick’s and Gray's
fibrations? Is there any fibration of the type

sl 2 F(n) — 07

[=] = = QA
;

Properties of Selick’s filtration of the double suspension
e




Outline 1. Selick’s filtration Fy(n) 2. Fibrations related to Fy(n) 3. Global properties
00000 0 o
o 000 o
000 000
00
: :
2.1. Filtration of the classifying space BW,
: :

Study BW,

» There is mod-p homology

Hy(BWn; Z/p) = (@71 E(Xonpi—1)) @ (27212 plYanpi—2])

with B(Xappi—1) = Yanpi—p for i > 1 and
Pi(Yonpi—2) = }’5,,,,,-_1_2 for j > 2.
» Homology filtration M, of H.(BW,;Z/p)

o My 1 = (®f'(:_11E(X2np"—1)) ® (®Jllez/p[y2npf—2]) for k > 1.
o Mo = (211 E(onpi—1)) © ()21 2/ plyanpi—o]) for k > 1.
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2.1. Filtration of the classifying space BW,
:

Theorem. (1) There is an H-filtration of BW,
{*} = Mo(n) — M]_(n) — s — Mk_l(n) — Mk(n) — BW,
such that H,(Mk(n); Z/p) = My for k > 1.

(2) There is a commutative diagram with rows being H-fibrations

(k — 1)t fibration: g2n—1 M1, Fr—1(n) BN My—1(n)
kth fibration: gan-1_te Fie(n) —=— My (n)
coth fibration: sa1_EL el v gy,
o P = = = 9ac

:
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| 2.2. Stable splitting coming from the fibrations |
» Theorem. There is a stable splitting
Y2Fi(n) ~ £2(5%"71 x My(n)).
Sketch of proof.
(1) (X x Y)~IXVEYVIXAY.
(2) Define a map
A 1x
B: Fi(n) == F(n) x Fi(n) =% Fi(n) x My(n)
=] F = = £ DA

:
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2.2. Stable splitting coming from the fibrations

: :

(3) The composite

2
Y2F,(n) LY Y2(F(n) x My(n)) AN ¥2(52"1 % My(n))
is a homotopy equivalence, where the map ~ is the composite

22(Fk(n) X Mk(n)) ~ Z2Fk(n) V Zsz(n) V Zsz(n) A I\/Ik(n) —
y20282n+1 Zsz(n) v ¥202820+1 A ( ) evVl\/(ev/\l)
S2MHL v S2My (n) v S27HE A My (n) ~ £2(S2"1 I\/Ik(n))

where ev: ¥2Q252t1 _ G2+l s the evaluation map.

: :
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2.2. Stable splitting coming from the fibrations
: :

» Corollary.
(1) Recover Gray's (1988) result by letting k — oo
F202520+1 o 72(520-1 ¢ BIN,)
(2) T2Q,_1(527) ~ \/32, S@np-Di+2n+1

(3) T2F(n) ~
S2n+1 (\/21 P(2npf2)i+3(p)) vV (V;Dil P(2npf2)i+2n+2(p))
where P™(p) is the mod p Moore space.
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3.1. Homotopy exponents
: :
e The homotopy exponent of a space X is the least power of p
which annihilates the p-torsion in m,(X). We write this as
exp(X) = p".

[=] = = QA
;
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3.1. Homotopy exponents
;

e The homotopy exponent of a space X is the least power of p
which annihilates the p-torsion in m,(X). We write this as
exp(X) = p".

e In 1978, Selick showed that exp(S3) = p.
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3.1. Homotopy exponents
;

e The homotopy exponent of a space X is the least power of p
which annihilates the p-torsion in m,(X). We write this as
exp(X) = p".

e In 1978, Selick showed that exp(S3) = p.

e In 1979, Cohen-Moore-Neisendorfer showed that
exp(S2™1) = p" for n > 1.
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3.1. Homotopy exponents

: :

e The homotopy exponent of a space X is the least power of p
which annihilates the p-torsion in m,(X). We write this as
exp(X) = p".

e In 1978, Selick showed that exp(S3) = p.

e In 1979, Cohen-Moore-Neisendorfer showed that
exp(S§2t1) = p" for n > 1.

e In 1987, Neisendorfer showed that exp(P™(p")) = p'+? for
m>3,r>1.

: :
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3.1. Homotopy exponents
;

e The homotopy exponent of a space X is the least power of p
which annihilates the p-torsion in m,(X). We write this as
exp(X) = p".

e In 1978, Selick showed that exp(S3) = p.

e In 1979, Cohen-Moore-Neisendorfer showed that
exp(S2"*1) = p” for n > 1.

e In 1987, Neisendorfer showed that exp(P™(p")) = p"*! for
m>3,r>1.

e The classical Lie groups of low-rank by Theriault and some
homogeneous spaces by Grbic and Z.
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3.1. Homotopy exponents

e The homotopy exponent of a space X is the least power of p
which annihilates the p-torsion in m,(X). We write this as
exp(X) = p".

e In 1978, Selick showed that exp(S3) = p.

e In 1979, Cohen-Moore-Neisendorfer showed that
exp(S2"*1) = p” for n > 1.

e In 1987, Neisendorfer showed that exp(P™(p")) = p"*! for
m>3,r>1.

e The classical Lie groups of low-rank by Theriault and some
homogeneous spaces by Grbic and Z.

e Not too much is known about the homotopy exponents of many
other spaces. - R

:
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3.2. Our results
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Theorem. Let kK > 1. Then we have

> for n>1, p"* =2 < exp(Fak—1(n)) < p"";
> for n>2, p"? < exp(Fak(n)) < p";
» for n =1, p < exp(Fak(n)) < p2.

[=] = = QA
;
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Theorem. Let kK > 1. Then we have

> for n > 1, pP* =2 < exp(Fax_1(n)) < p™";
» for n > 2, p"2 < exp(Fax(n)) < p™;

> for n =1, p < exp(Fox(n)) < p2.

The proof depends on two commutative diagrams:

2
QFo(n) —— QF(n)
Q521 P p ().

[=] = = QA
;
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Theorem. Let kK > 1. Then we have

> for n > 1, p"P*~2 < exp(Fak—1(n)) < p™";
» for n > 2, p"2 < exp(Fax(n)) < p™;

» for n =1, p < exp(Fak(n)) < p2.

The proof depends on two commutative diagrams:

2
QFo(n) —— QF(n)

Qs2-1 22K Q) ().
Q2 1(52")

|

Q(;Zn—l

» Q21 (5%
02G2np

H 2 2 H
k_q1 (PoSa—1)-(p*0Q2%ck)
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3.3. Homotopy associativity and homotopy commutativity
: :

Consider the global properties of Fy(n) and M(n).

Definition 1. An H-space X with multiplication p: X x X — X
is homotopy commutative if g >~ o T where
T: X x X — X x X is the interchange map.

Definition 2. A space X is a homotopy associative H-space if
there exist two maps My: X x X — X and
Ms: | x X x X x X — X such that

1. Ma(*,x) = x = Ma(x, ) for x € X,

2. M3 is a homotopy between My o (M x 1) and My o (1 x M),

3. M3(t;*;X»Y) = M3(t,Xa*,)/) = M3(t7X7y7*) = M2(X7y) for
teland x,y € X.
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3.3. Homotopy associativity and homotopy commutativity
:
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Two known results

» (1989, Gray) Fpx_1(n) ~ Qka_l(Sz") is a homotopy

associative, homotopy commutative H-space for p > 3.

> (2006, Grbi¢) F»(n) is a homotopy associative, homotopy
commutative H-space for p > 3.

Question: Including F2(n), is Fox(n) (k > 0) a homotopy
associative, homotopy commutative H-space?
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3.3. Homotopy associativity and homotopy commutativity
:

Theorem. Fy(n) (k > 0) is a homotopy associative H-space for
p> 3.

Sketch of proof.

(1) Show that E2: §2"~1 — Q252"+l is a homotopy associative
map for p > 3.

(2) Zabrodsky's lemma: the pullback of two homotopy associative
maps is a homotopy associative H-space.

(3) Consider the homotopy pullback

Fax(n) —— Q252n+1

l J(QH)Ok

52np"—1 Eze Q2s2npk+1.

Note. Fpx(n) (k > 0) actually admits an Ap_j-structure.
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3.3. Further questions
: :
.
Questions

Q1. Gray has shown that Fpx_1(n) is a homotopy associative,
homotopy commutative H-space. Whether Fy,(n) is also a

homotopy associative, homotopy commutative H-space or not?

[=] = = QA
;
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3.3. Further questions
:

Questions

Q1. Gray has shown that Fpx_1(n) is a homotopy associative,
homotopy commutative H-space. Whether Fy,(n) is also a
homotopy associative, homotopy commutative H-space or not?
Note. The associativity has already been shown by us.

] = =
;
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3.3. Further questions
:

Questions

Q1. Gray has shown that Fpx_1(n) is a homotopy associative,
homotopy commutative H-space. Whether Fy,(n) is also a
homotopy associative, homotopy commutative H-space or not?
Note. The associativity has already been shown by us.

Q2. It is already known that Fi(n) is atomic for n > 1. Is QF(n)
or Q2F,(n) still atomic for n > 17?
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3.3. Further questions
: :

THANK YOU

[=] = = o
:
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