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@ It is a classical topic in geometry and topology to classify vector
bundles over manifolds.

@ To classify holomorphic vector bundles (Schneider, " Holomorphic
vector bundles on P," ,LNM770).

@ To classify complex structures on real vector bundles.
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Denote by
@ M: a closed oriented smooth 2n-manifold.

@ Vecti(M): the isomorphism classes of rank r smooth complex vector
bundles over M.

e H*(M) the integral cohomology ring of M.

o If r > n, there is a natural bijection between Vects(M) and
Vect¢ (M) for any r > n.

o If r =1, we have a bijection between Vect}:(M) and H2(M) for any
n>0.
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o n=1: Vecti(M)

@ n=2: for r = n =2, a classical result of Wu asserts that there is a
bijection between Vect?(M) and H2(M) x H*(M). 1952

@ n = 3: Banica and Putinar. 1987, 2006.

@ n = 4: Banica and Putinar. M is a 4-dimensional complex manifold,
H®(M) and H”(M) have no 2-torsion. 2006.

@ r =2,n < 12: Switzer, 1979.

CpPr
@ Vect:(CP"): Schwarzenberger condition.
@ r =2,3 < n<6: Atiyah and Rees (1976), Switzer(1979)
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Main results

@ M: an 8-dimensional closed oriented spin© manifold.

o Ci4: VectE(M) — H2(M) x H*(M) x H8(M) x H8(M): the map
given by C14(n) = (c1(n), c2(n), c3(n), ca(n)).
o By = SHMZ/2)

T B(Sa(p2(H3(M))))”
where

o pa: H'(M) — H(M;Z/2) is the mod 2 reduction.
o 3: H'(M;Z/2) — H™"1(M) is the Bockstein homomorphism.
o Sq?: H'(M;Z/2) — H'*2(M;Z/2) is the Steenrod square.
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Main results

Theorem 1 (Y. 2022)

Let M be an 8-dimensional closed oriented spin© manifold.
(A) For any even dimensional cohomology classes u; € H?(M),1 < i < 4,

(u1, up,u3, us) € Im Ciq

if and only if they satisfy the following three conditions

(1) Sq?(pa(u2)) = pa(us + urun),

(2) (ug, [M]) = (pr(M)uz — v3up + uyus — u3, [M]) mod 3,
(3) (ua, [M]) =

(—u2up + vruz + [2u3 + p1(M)uz — 3c%ua] /4 + c(urup — u3)/2, [M])
mod 2,

where p;(M) is the first Pontrjagin class of M, [M] is the fundamental
class of M and ( - , - ) is the Kronecker product.
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Main results

Theorem 1 (Y. 2022)

(B) For any (u1, up, u3, ug) € Im Ci4, there is a bijection between

-1
Cia (U1, up,u3,us) and By,

where 61_41(u1, up, u3, ug) is the pre-image of (u1, uz, u3, us) under the map
C14. It follows that there is a one-to-one correspondence between

Vect&(M) and By x Im Cia.
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Main results

Peterson (1959) tells us that if H®(M) has no 2-torsion, then the map C14
is injective. Obviously, as a corollary of Theorem 1, this statement can be
generalized and strengthened as

Let M be an 8-dimensional closed oriented spin® manifold. Then the map
Ci4 is injective if and only if 6 = 0.
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Main results

o I.: Vectd (M) — Vect&(M): the map given by l(a) = a @ e.

o Ci3: Vect2 (M) — H?>(M) x H*(M) x H®(M) the map given by
Ci3(n) = (c(n), c2(n), c3(n))-

For a triple u = (u1, up, u3) € Im Cy3,

o T o H' (M)
M.u = T () Furf(s) Faf* (73)+usf = (1) | FEIM,UT}

where

o H*(U) = N(v1,73, 75, V75 ).
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Main results

Theorem 2 (Y. 2022)

Let M be an 8-dimensional closed oriented spin® manifold.
(A) For any i € Vectg:(M), the necessary and sufficient condition for 7 to
lie in the image of I, is

ca(n) = 0.
Therefore, for any cohomology classes u; € H*(M;Z), 1 < i < 3,
(u1,up,u3) € Im Cy3  if and only if (w1, up, u3,0) € Im Cya.

(B) If u= (u1, up,u3) € Im Cy3, then C1_31(u1, up, u3) is equivalent, as a
set, to By X Ty, u-
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Main results

As applications, let us consider the classification of complex vector bundles
over CP*.

o Set t = —c1(7) € H2(CP*), where 7 is the canonical line bundle,
o H*(CPY) = ZIH/(£5),

e c(CP*) = (1+1)5,

o p1(CP*) =5t2, and we can take ¢ = ¢;(CP*) = 5t.

@ Beps = Teps, = 0 for any v € Im Cy3,
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Main results

Corollary

The map
Cia: Vectd (CP*) — H2(CP*) x H*(CP*) x H5(CP*) x H3(CP),

given by C1a(n) = (c1(n), c2(n), c3(n), ca(n)), is injective.

Moreover, (ait, axt?, azt3, ast*) € Im Cua, if and only if the integers
a; € Z,1 < i <4, satisfy the following two conditions

(1) 2a4 = a% + ax + ai1(azax — a3) mod 3,

(2) 2a4 = a% + ap + aja» — a3 mod 4.
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Main results

Corollary

The map
C13: Vectd(CP*) — H2(CP*) x H*(CP*) x H(CPY),

given by Css(n) = (c1(n), ca(n), c3(n)), is an injection.

Furthermore, (a1t, apt?, a3t3) € Im Ci3, if and only if the integers a; € Z,
1 < j < 3, satisfy the following two conditions

(1) a3 + az + a1(aza2 — a3) =0 mod 3,

(2) a§+az+alaz—a350 mod 4. O
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Main results

Schwarzenberger condition

Since the complex vector bundles with rank 2 over CP* have been
classified by Switzer, it follows that the classification of complex vector
bundles over CP* has been settled.
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Proof of Theorem 1 (A)

o Coy = (2,¢3,¢1): [M, BSU] — H*(M) x H®(M) x H®(M) be the
map given by C24(n) = (c2(n), c3(n), ca(n)) for any n € [M, BSUJ.

Theorem 1 (A")

Let M be an 8-dimensional closed oriented spin® manifold. For any even
dimensional cohomology classes u; € H2’(I\/I), 2< <4,

(U2, u3, ug) € Im Coa

if and only if they satisfy the following three conditions

(1) Sa®(p2(u2)) = p2(us),

(2) (ua, [M]) = (pr(M)uz — u3,[M]) mod 3,

(3) (ua, [M]) = {[2u3 + p1(M)uz — 3c?u2] /4 — cu3/2,[M]) mod 2.
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Proof of Theorem 1 (A)

For any n € [M, BSU], we must have
o (ca(n).[M]) = (pr(M)ca(n) — 3 (n), [M]) mod 3,
° <C4g77), [M]) = ([263(n) + pr(M)ca(n) —3c*c2(n)] /4 — c c5() /2, [M])
mod 2.

Denote by M° := M — int(D?) the space obtained from M by removing
the interior of a small 8-disc in M. Let p: M — S® be the map by
collapsing M° to the basepoint, and i: M° — M be the inclusion map.

For any cohomology class w € H8(M) with (w,[M]) =0 mod 6, there
exists a stable complex vector bundle & over S8, such that £ = p*(¢/) is a
stable complex vector bundle over M satisfying c1(§) = (&) = c3(§) =0,

and c4(§) = w.
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Proof of Theorem 1 (A)

@ One direction is trivial.

@ Another direction. Consider the map
Cxz = (2, ¢3): BSU — K(Z,4) x K(Z,6)

given by the universal Chern classes ¢, and ¢3. It can be deduced
easily from the homotopy sequence of this fiber space that

0, i<7,i45:
mi(F)={7/2, =5
mi(BSU), i>8.
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Proof of Theorem 1 (A)

Therefore, the Postnikov resolution of the map Co3 through dimension 9 is:

E K(Z,9)
e
BSU K —*~K(z/2,6),

Co3

where K = K(Z,4) x K(Z,6) and q is a principal fibration with fiber
K(Z/2,5) and classifying map k. We will denote also by k € H%(K;Z/2)
the class represented by the map k.

k = Sa?(p2(la)) + p2(le)-
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Proof of Theorem 1 (B)

We will divide the proof into the following three lemmas.

For any CW-complex X, denote by V4(X) the set of stable isomorphism
classes of complex vector bundles over X with trivial Chern classes.
Obviously, Vo(X) is a subgroup of [X, BSU] C [X, BU].

For any (u1, up, u3, us) € Im Cya, there is a bijection between
Cl_41(u1, up, uz, us) and Vo(M). Therefore, there is a one-to-one
correspondence between [M, BU] and V(M) x Im Cia.

The induced homomorphism i*: Vo(M) — Vo(M°®) is bijective.
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Proof of Theorem 1 (B)

There is a one-to-one correspondence between Vo(M®) and

B(H>(M; Z/2))

By = }
YT B(SP(pa(HA(M))) )
Proof of Lemma 5
[M°, BSU|
h Ca3x
(Qk qx
[M?, QK] — [M°, K(Z/2,5)] — [M°, E] —— [M°, K],

where hy, g, Ca3. are the induced maps, (k). is the induced
homomorphism and where the bottom sequence is an exact sequence of
sets.

v
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Proof of Theorem 2

4] /3: BU(3) — BU,
e hy: [M,BU(3)] — [M, BU],
o I.: Vect} (M) — Vectd(M).

The Postnikov resolution of the map /3 through dimension 10 can be
shown as

E— K(Z,10)

T
BU(3) ; BU—*+ K(z,8).

Here g is a principal fibration with fiber K(Z,7) and k as the classifying
map.
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